Abstract: In this work we study the topological properties of the G 2 lattice gauge theory by means of Monte Carlo simulations. We focus on the behaviour of topological quantities across the deconfinement transition and investigate observables related to the θ dependence of the free energy. As in SU (N ) gauge theories, an abrupt change happens at deconfinement and an instanton gas behaviour rapidly sets in for T > T c .
Introduction
A large part of the standard particle phenomenology depends on phenomena like color confinement and chiral symmetry breaking, however a complete understanding of these nonperturbative phenomena is still lacking. In order to better figure out these phenomena, a common strategy has been to extend the theory under study beyond its natural setting, in order to find regularities or more general patterns underlying the usual structure.
As an example, real life Quantum Chromodynamics (QCD) is a theory with gauge group SU (3) and fermions with particular mass values, however, in order to grasp some intuition on its strongly coupled dynamics, it is convenient to look at theories with fermions of arbitrary masses, with particular attention to the extremal cases of massless fermions and pure SU (3) theory. In the same way, it is convenient to think of the SU (3) theory just as a particular realization of the general theory with gauge group SU (N ), which is, e.g., the natural setting for techniques like the large N expansion. Although these approaches were not capable of providing quantitatively reliable predictions, their qualitative indications are of the utmost importance to get some understanding of the QCD nonperturbative physics.
An even more drastic extension is obtained by considering gauge theories with an arbitrary gauge group. In this paper we will study some properties of the theory with the exceptional group G 2 as gauge group. In order to motivate this apparently bizarre choice we need some background.
In pure gauge theory, at temperature T , the free energy F QQ ( r ) of a couple of static color-anticolor charges at distance r is given by the expression [1] exp −F QQ ( r )/T = P (0)P ( r ) * , (1.1)
where P ( r ) is the Polyakov loop. In the Lattice Gauge Theory (LGT, [2] ) setting this can be written as
the U µ ( r, t)s being the elementary parallel transports along the links of the lattice and N t the number of lattice elements in the compactified temporal direction. From Eq. (1.1) it follows that a couple of static color charges can be separated at arbitrary distances only if the thermal average of the Polyakov loop is different from zero: P = 0. Let us now consider for every r the following transformation U 0 ( r,t) → U ′ 0 ( r,t ) = ZU 0 ( r,t ) , (1.3) wheret is a fixed time slice of the lattice, and Z is an element of the center of the gauge group (independent of r ). It is simple to show that the Wilson lattice action (see Sec. 3) is invariant under the transformation Eq. (1.3), while clearly the average of the Polyakov loop transforms as P → Z P . As a consequence deconfinement can be associated to the spontaneous breaking of the symmetry Eq. (1.3), i.e. of the center symmetry (see e.g. [3] for much more details). Although this picture of confinement appears quite satisfying and leads to nontrivial predictions (like e.g. the Svetitsky-Yaffe conjecture [4] on the universality class of the deconfinement transition), it clearly does not cover two class of theories:
1. theories whose action is not invariant under Eq. (1.3), like theories with fermions in the fundamental color representations;
2. theories with a trivial gauge group center.
Theories with fermions are notoriously computationally demanding, so they are not the first choice for a study that, depending on the observable to be monitored, could require high statistics. Concerning the theories of the second class, the simplest group with trivial center that comes to mind is SO(3), however in this case (and more generally for all the SO(N ) groups) large lattice artefacts make a systematic lattice investigation problematic, see e.g. [5] . A particularly interesting alternative proved to be the gauge group G 2 . Beyond having trivial center, G 2 presents two peculiar features: a) it is simply connected; b) a charge in the fundamental representation (7) can be screened by charges in the adjoint representation (14) .
The first of these properties is interesting when studying confinement, since it means that a G 2 gauge theory does not support topologically stable vortex configurations, thus at least one of the possible models of color confinement (i.e. the vortex picture, see e.g. [3] ) requires non-trivial modifications to be applied in the G 2 setting. For this reason, together with the fact that G 2 has the low rank value 2, the G 2 gauge theory was often used as a testbed for possible confinement mechanisms (see e.g. [6] [7] [8] [9] [10] ). The second of the aforementioned properties 1 makes the G 2 pure gauge theory quite similar to a theory coupled to matter, in which color is confined but the area law for the Wilson loop is not valid (or, equivalently, the asymptotic string tension vanishes) because of the string breaking phenomenon.
Bearing all this in mind, it is not surprising that the G 2 lattice gauge theory was actively investigated in the past, both at zero and finite temperature [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . What is probably surprising is that the results of these analysis gave a picture much similar to that of standard SU (N ) theory: the spectrum of the G 2 theory at zero temperature is composed only of color neutral objects [11, 12, 15] , the string tension at intermediate distances (i.e. before string breaking [20] ) satisfies Casimir scaling [13, 18, 20] , a first order deconfinement transition is present [14, 16, 22] , (quenched) chiral symmetry is broken in the low temperature phase and restored above the critical temperature [19] , the topological susceptibility is suppressed above deconfinement [21] , propagators [17] and thermodynamical observables (like e.g. pressure and trace anomaly) [22] do not show any qualitative difference with respect to the SU (N ) case.
In this paper we will study the topological properties of the G 2 LGT near the deconfinement transition, with particular attention to observables related to the functional dependence of the free energy on the θ angle. As will be recalled in more detail in the next section, in SU (N ) one expects an abrupt change of the functional form of the free energy at deconfinement, switching from the large N behaviour in the low-T phase to an instanton gas behaviour in the high-T phase. It is a priori clear that such an argument, based on the large N analysis of SU (N ) gauge theories cannot be directly applied to the case of the G 2 LGT, nevertheless our results indicate that also in this case the G 2 theory resembles very much the SU (N ) case.
Topology and θ dependence in SU(N) gauge theories
In this section we will summarize, for the convenience of the reader, some basics facts about topology and θ dependence in SU (N ) theories, in such a way to make the comparison with the G 2 case simpler.
The euclidean Lagrangian density of the SU (N ) (continuum) gauge theory is
and the associated free energy density can be computed by means of the relation
where T is the temperature and V the spatial volume. The topological charge Q = q(x)d 4 x is odd under parity transformation, thus at θ = 0 we have Q 2n+1 θ=0 = 0, since by the Vafa-Witten theorem parity cannot be spontaneously broken [23] . As a consequence, assuming analyticity in θ = 0, F (θ, T ) is an even function of θ and can be expanded in the following form [24] 
The topological susceptibility χ(T ) and the coefficients b 2n can be computed by using the momenta of the topological charge distribution at θ = 0 as
At finite temperature, instanton calculus does not suffer from infrared divergences and can be used to gain some insight into the functional form of F (θ, T ). The idea of the dilute instanton gas approximation is to replace the path-integral expression of the partition function by the sum over an ensamble of noninteracting instantons and anti-instantons. Denoting by D −1/4 the typical size of an instanton, we get [25] [ 5) and thus (using the one loop running coupling constant and D ∼ T 4 )
(2.7)
The approximation in Eq. (2.5) is expected to be reliable at high temperatures; in this regime the instanton gas predicts a strong suppression of the topological susceptibility, which gets stronger when increasing the number of colors. This is in fact what is observed in numerical simulations [26] [27] [28] [29] [30] [31] : the topological susceptibility stays constant for T T c , while it drops toward zero at deconfinement, in qualitative accordance with Eq. (2.7).
It has to be stressed that Eq. (2.7) involves two different approximations: the instanton gas approximation and the perturbative one, thus it cannot be expect to be valid in the strongly coupled region near deconfinement. Only the instanton gas approximation is instead used to obtain the b 2n values in Eq. (2.8).
Another approach that give us some information on F (θ, T ) is the 't Hooft large N limit [32, 33] , which is expected to be reliable at low temperature. If we do not want the θ dependence to be washed out by the N → ∞ limit, we have to impose that the two terms in the Lagrangian Eq. (2.1) scale in the same way with N . Remembering that g 2 = O(1/N ), we obtain the large N scaling form of the free energy [34, 35] :
By comparing the power series in θ of the left and right hand side we get
whereχ andb 2n are the coefficient of the expansion of F in power ofθ analogous to Eq. (2.3). Several lattice measurements of χ(T ) and b 2 exist at T = 0 [36] [37] [38] [39] , that nicely follow the large N scaling Eq. (2.10).
The functional dependence of the free energy on θ is expected to be completely different in the low and high temperature phases: at low temperature the natural variable isθ = θ/N and this, together with the 2π periodicity in θ, suggests F to be a multibranched function of the form [34, 35] 
On the other hand, instanton gas predicts the form Eq. (2.6) of the free energy, which is thus expected to be analytic in θ in the high temperature phase. Although large N methods and instanton calculus are reliable for T ≪ T c and T ≫ T c respectively, it appears natural to guess that the change of regime happens exactly at deconfinement. In order to clarify this issue, in [40] the behaviour of b 2 across the deconfinement transition was numerically investigated for SU (3) and SU (6) LGTs. The advantage of b 2 with respect to the topological susceptibility χ(T ) is that we have a clear cut distinction between the two possible behaviours: b 2 scales as 1/N 2 or is independent of N . Moreover, as previously noticed, the value of b 2 in the high temperature regime is unambiguously predicted by the instanton gas approximation, all the uncertainties related to perturbation theory being factorized into χ(T ). The value of b 2 observed at T ≈ 0.95T c is compatible with the one at T = 0 and scales according to Eq. (2.10); above the transition (T 1.05T c ) the value of b 2 does not scale with N , thus indicating that the relevant variable is notθ but just θ. The instanton gas prediction for b 2 and b 4 turned out to be well satisfied for temperature just slightly above deconfinement (T 1.1T c ). These properties are also reproduced by model calculations in QCD-like theories [9, [41] [42] [43] .
G 2 lattice gauge theory
In LGT [2] the elementary objects are the parallel transports along the links of the lattice, that will be denoted by U µ (x) and are elements of the gauge group. The group G 2 can be identified with the group of the automorphism of the octonions [44] , which is isomorphic to the subgroup of SO (7) that leaves invariant a specific 3−form [45] : a 7 × 7 real matrix M is an element of G 2 if and only if M ∈ SO(7) and
where T abc is the completely antisymmetric tensor whose non-vanishing elements (up to permutations) are given by 2 [16]
In our simulations we adopted the standard Wilson plaquette action [2]
where P µν is the product of four links around an elementary plaquette:
Notice that in the literature two different conventions on the value of β exist for the G 2 theory: the one in Eq. (3.3) and the one that corresponds to the change β → β/7 in Eq. (3.3) . A particularly convenient basis for the G 2 algebra was constructed in [46] , which can be adopted to easily identify the SU (2) subgroups to be used in a Monte-Carlo update a la Cabibbo-Marinari [47] . The application of this method to the G 2 theory is not, however, completely trivial: as can be explicitly seen by looking at the expressions in App. A of [13] , only three SU (2) subgroups are embedded in G 2 in a way simple enough to be efficiently used in a standard heatbath/overrelaxation update [48] [49] [50] . These SU (2) subgroups do not cover completely the G 2 group and, to ensure the ergodicity of the update algorithm, random gauge transformations has to be also applied.
Before going on, a small digression is necessary on the normalization of the topological charge. Instantons and topological charge are usually discussed in the setting of SU (N ) gauge theories, in which the topological charge density is given by Eq. (2.1) and the normalization is fixed by the requirement that the topological charge Q = q(x)dx has to be equal to the winding number associated to π 3 (SU (N )) = Z (see e.g. [51, 52] ). Use of the expression Eq. (2.1) in the G 2 gauge theory would however give only even topological charges. The correct normalization to be used in the general case has been discussed in [53] and the final result is
where the algebra generators T a s are normalized in such a way that the longest root is equal to 1 and K is given by the relation Tr(T a T b ) = Kδ ab . Using the explicit realization given in [46] of the G 2 algebra it is simple to show that for G 2 we have K = 1 (while K = 1/2 for SU (N )). On the lattice several methods exist to associate a value of the topological charge to a given configuration. Since all these methods has been proven to give equivalent results (see e.g [24, 54] ) and high statistics is needed in our study, we adopted the cheapest from the numerical point of view. The topological charge has been measured after cooling and the simplest discretization with definite parity of Eq. (3.5) was adopted, namely [55] 
whereǫ µνρσ coincides with the usual Levi-Civita tensor for positive indices, while for the negative directions it is defined by the relationǫ µνρσ = −ǫ (−µ)νρσ and the complete antisymmetry. This approach is the same adopted e.g. in [54] , to which we refer for technical details, the only difference being that, for the G 2 gauge theory, cooling consists of cooling on three SU (2) ⊂ G 2 and random gauge transformations.
Numerical results
In this section we will present the numerical results obtained by means of Monte-Carlo simulations of the G 2 lattice theory. Most of the finite temperature simulations have been performed by using lattices with temporal extent 3 N t = 6; by using three different values for the spatial size, N s = 12, 18, 24, we verified that an aspect ratio N s /N t = 3 is sufficient to neglect finite size effects with our statistical uncertainties. To check for the continuum limit a 8 × 24 3 lattice was then simulated. The results reported in the following have been obtained by using the topological charge extracted after 90 cooling steps (see [54] for more details on the procedure adopted), but they proved to be stable within errors for a number of cooling steps in the range from 30 to 150. A statistics of O(10 5 ) measures have been used for each coupling value, with measures performed every 10 update steps and each step consisting of a Cabibbo-Marinari heatbath, five Cabibbo-Marinari overrelaxations and a random gauge transformation.
The values of T /T c have been estimated by using the parametrization reported in [22] for the string tension and the following values of the critical couplings: β c (N t = 6) = 1.3951(2) (see [16] ) and β c (N t = 8) = 1.431(3) (compatible with the one reported in [22] ).
The first observable studied has been the topological susceptibility χ(T ) and, in particular, the dimensionless ratio χ(T )/χ(T = 0). In order to compute this ratio simulations have been performed on symmetric lattices at the same coupling values adopted for the 3 fm) ; we thus conclude that also the 18 4 data are not affected by significant finite size effects. In Fig. (2) the estimated values of the ratio χ(T )/χ(0) are shown. The left panel displays the results obtained on the N t = 6 lattices for several spatial extents and, as previously anticipated, no significant finite size effects can be seen as far as the aspect ratio is 3 or larger (apart from the data at T ≈ T c ). In the right panel of Fig. (2) we compare the results obtained by using two different lattice spacing at fixed physical lattice size. The nice agreement between the determinations obtained by using the 6 × 18 3 and the 8 × 24 3 lattices supports the absence of significant lattice artefacts in our measurements. We can thus conclude that, like in SU (N ) gauge theories, χ(T ) stays constant for T < T c , with an abrupt decrease at deconfinement.
The value of the parameter b 2 across the deconfinement transition is shown in Fig. ( 3) for the N t = 6 lattices. As a first observation we notice that, although the statistics (and the autocorrelations) are of the same order of magnitude for all the lattice sizes studied, the error bars of the low temperature data for the 6 × 24 3 lattice are much larger that the ones for the smaller lattices. This phenomenon is known to happen also in SU (N ) LGTs and is likely related to the peculiar form Eq. (2.4) of the b 2n observables when computed by means of simulations at θ = 0. A possible way out could be to perform simulations at imaginary value of the θ parameter, as proposed in [39] , however it would be difficult to study in this way the neighbourhood of the deconfinement transition, since the value of the deconfinement temperature T c also depend on θ (see [56, 57] for lattice studies and [58] [59] [60] for other approaches). Since for all the more standard observables the results obtained on the lattice 6 × 18 3 are completely equivalent (apart from the T ≈ T c data) to the ones obtained on the larger 6 × 24 3 lattice, we expect that, also for b 2 , data obtained on the lattice with aspect ratio 3 do not suffer from severe finite size effects and we will refer to The band for T /T c ≤ 1 is the b 2 value for SU (6) (see [40] ), while the dashed line for T /T c > 1 denotes the dilute instanton gas value b
them in the following discussions.
Let us now come to the behaviour of b 2 across the transition. In the low temperature phase the value of b 2 is quite small, almost compatible with zero, much like what happens in SU (N ) gauge theories; for reference the value of b 2 for SU (6) at zero temperature (b 2 = 0.008(4), [40] ) is also shown in Fig. (3) . For T > T c the value of b 2 increases by an order of magnitude and promptly approaches the asymptotic value predicted by the dilute instanton gas, b (dig) 2 = −1/12. To better appreciate the rapidity of the convergence to the asymptotic value, in Fig. (4) we display a magnification of the high temperature region, both for N t = 6 and N t = 8 lattices. Significant deviations from the value b (dig) 2 are visible only for T 1.1T c . The numerical estimates of b 4 in the low temperature phase are too noisy to extract from them useful informations, but high temperature data are precise enough to show the convergence to the dilute instanton gas value b can be see as far as T 1.1T c .
Conclusions
In this work we studied the behaviour, across the deconfinement transition, of the topological susceptibility χ(T ) and of the coefficients b 2n (T ) that parametrize the θ dependence of the free energy in the G 2 gauge theory.
The sudden drop at deconfinement of the ratio χ(T )/χ(T = 0) signals that in the high temperature phase the topological activity is strongly suppressed. The abrupt change of the b 2 coefficient at T c shows that the difference between the low and the high temperature phases is not just a difference in the global activity, but that also the functional form of the θ dependence of the free energy has changed. The b 2 and b 4 values in the deconfinded phase rapidly approach the predictions of the dilute instanton gas model, which well reproduce lattice data for T 1.1T c .
The picture that emerges is surprisingly similar to that of the SU (N ) gauge theory, with however a fundamental difference: in the SU (N ) setup the change of the θ dependence at deconfiement can be conveniently interpreted as a change from a low temperature large-N regime to an high temperature instanton one. While the argument for the instanton-like behaviour of the free energy in the deconfined phase can be applied without modifications to the G 2 gauge theory, it is not clear what takes the role of the large-N regime for this theory.
The most natural explanation of this common behaviour of SU (N ) and G 2 theories is probably that the confinement mechanism is the same for all the simple gauge groups and that the degrees of freedom responsible for the confinement have non-trivial topological properties. Several proposals that go in this directions exist in the literature and are actively investigated, like dyons [8] , bions [9, 10, 58] , instanton-quarks [42, 61] and the relations between monopoles and instantons [62] , not to mention the analogy between the θ angle and the chemical potential noted in [57] and the similarities with spin models [63] [64] [65] [66] . A related point is the global analytical structure of the free energy as a function of θ in the confined phase. We previously recalled the large-N Witten's argument, which suggests that the free energy of the SU (N ) theory is a multi-branched function of the form Eq. (2.11) and gives a qualitative explanation of the smallness of b 2 for T < T c . It is tempting to relate the small value of b 2 observed also in the low temperature phase of the G 2 theory to an analogous multi-branched structure of the free energy, which however have no natural large-N interpretation.
The early onset of the dilute instanton gas regime, just slightly above the deconfinement transition, also appears to be a feature common to both SU (N ) and G 2 gauge theories, with indications that this is true also in presence of quarks [67, 68] . While it is not clear if these two common features, i.e. the change of θ dependence at deconfinement and the early onset of the instanton behaviour, are related to each other or not, it is interesting to notice that also deviations from the dilute instanton gas behaviour are qualitatively similar in SU (N ) and G 2 gauge theories, with b 2 approaching its asymptotic value from below and b 4 from above.
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